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ABSTRACT
Arch arised as structural system more than two thousand years ago, but, in spite of this, it is still not widely
diffused and is mainly adopted in presence of large spans. The structural efficiency of arches primarily
depends on optimal material exploitation, i.e. minimization of internal stress eccentricity that reduces
structural material volume and weight. An efficient structure, under these terms, leads to simple and light
scaffolding, so contributing in minimizing construction costs. So, although literature on arches is already
significant, there is still scope for design optimization. This study is framed within this context and deals
with the structural analysis of end perfectly-constrained plane circular arches under uniformly distributed
vertical load and self weight. In the first step, the analytical solution of arch static and kinematic behaviour
is obtained by applying the force method. In the second step, the arch shape is optimized, by assuming the
arch volume, and thus the weight, as objective function. Finally minima of the objective function (i.e.
optimal geometric shape parameters) are computed and plotted in order to be used for practical purposes.
The vertical displacement y(z) can be obtained from the solution of the differential equation of the elastic
line, i.e., taking into consideration the inertia variability and neglecting, as first approximation, any shear
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Circular Curved Beam Theory

DIFFERENTIAL EQUATIONS OF EQULIBRIUM
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BALANCE TO ROTATION
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neglecting the infinitesimals of order higher than the first >
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CONGRUENCE EQUATIONS

The navigation field in the local reference system(y*;z*) takes on the vector shape:
𝑢𝑢∗ = 𝑣𝑣 ∗ 𝑠𝑠 𝑛𝑛 𝑠𝑠 + 𝑤𝑤 ∗ 𝑠𝑠 + 𝑦𝑦 ∗ 𝜑𝜑 ∗ 𝑠𝑠 𝑡𝑡(𝑠𝑠)

Indicated with “s” the abscissa with y*distance fiber and using the Fernet Formulas we can
write the deformation according to the displacement:
Ɛ=
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Taking into account that: 𝛿𝛿𝛿𝛿𝛿 = 𝑅𝑅−𝑦𝑦∗ 𝛿𝛿𝛿𝛿𝛿 and assuming R » y* because true in practical reality

you get the matrix form:

∆’=

𝑑𝑑
𝑑𝑑𝑑𝑑
1
− 𝑅𝑅

−1

1
𝑅𝑅
𝑑𝑑
𝑑𝑑𝑑𝑑

0

0
0

𝑑𝑑
𝑑𝑑𝑑𝑑

∆’ η* = d

𝑣𝑣 ∗
η*= 𝑤𝑤 ∗
ɸ

Ɛ
d= 𝛾𝛾
𝑐𝑐

CONSTITUENT LINK

𝑇𝑇 = 𝐺𝐺𝐴𝐴𝑠𝑠 𝛾𝛾
�𝑁𝑁 = 𝐸𝐸𝐸𝐸Ɛ0
𝑀𝑀 = 𝐸𝐸𝐸𝐸𝐸𝐸
which in matrix form results Q=C · d

E=elastic modulus
G=shear modulus
A=area of the straight section
As= efficacious shear area
J= moment of inertia of the straight section
d= deformation vector

OBSERVATION ON EXTERNAL FORCES

𝑝𝑝𝑦𝑦∗ = 𝑝𝑝∗ cos 𝜃𝜃 ; 𝑞𝑞𝑦𝑦∗ = 𝑞𝑞 ∗ sin 𝜃𝜃 ; 𝑝𝑝𝑧𝑧∗ = −𝑝𝑝∗ sin 𝜃𝜃 ; 𝑞𝑞𝑧𝑧∗ = 𝑞𝑞 ∗ cos 𝜃𝜃.

η*= R η

ELASTIC LINE EQUATION FOR BEAM WITH
CURVILINE AXIS
The three equations previously expressed provide the fundamental law of the elastic
line for this particular case study.
1. Indefinite balance equations:

∆ Q + R f= 0
2. Consistency equations:

∆’ R η = d
3. Binding equations:

Q=C · d
Multiply all by RT, give rise to:

RT ∆ C ∆’ R η + f = 0.

GEOMETRY SETTINGS
parameterization of the geometries
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Start Point (0; 0; 0)

1
Start Point (0; 0; 0)

2
End Point - Span (0; x; 0)

1

2
End Point - Span (0; x; 0)

Start Point (0; 0; 0)
3 definition of the
Arch Geometry

1

2
End Point - Span (0; x; 0)

Start Point (0; 0; 0)
3 definition of the
Arch Geometry

4

Deck features

2
End Point - Span (0; x; 0)

Start Point
(0;Geometry
0; 0)
Final
3 definition of the
Arch Geometry

4

Deck features

Bow String Arch

FEATURES OF STRUCTURAL ELEMENTS

STRUCTURAL CONSTRAINTS

STRUCTURAL LOADS

𝐾𝐾 =
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20600 𝑀𝑀𝑀𝑀𝑀𝑀 � 71100 𝑚𝑚𝑚𝑚2
𝑘𝑘𝑘𝑘
≅ 146,5 � 105
=
100000 𝑚𝑚𝑚𝑚
𝐿𝐿
𝑚𝑚

STRUCTURAL MODELS STUDIED

Hinge - Hinge

Hinge – Elastic Roller

Hinge - Hinge

NORMAL STRESS Nx (max)

𝑵𝑵𝒙𝒙 𝐦𝐦𝐦𝐦𝐦𝐦 = 6573,64 𝐤𝐤𝐤𝐤

BENDING MOMENT My (max)

STRESS CHARACTERISTICS

𝑴𝑴𝒚𝒚 𝐦𝐦𝐦𝐦𝐦𝐦 = 764 𝐤𝐤𝐤𝐤

SHEAR Tz (max)

𝑻𝑻𝒚𝒚 𝐦𝐦𝐦𝐦𝐦𝐦 = ±199 𝐤𝐤𝐤𝐤

VERIFICATION (according to Eurocode)
- Area = 71100 mm2
- Moment of Inertia Jy = 320,5332 · 108 mm4
- Moment of Inertia Jz = 320,5332 · 108 mm4
- Young's modulus E = 20600 MPa
- Yield strength fy = 355 N/mm2
- Strenght modulus Wply = 534,222 · 105 mm3
- Strenght modulus Wplz = 534,222 · 105 mm3
- Partial Safety Coefficient γM0 = 1,05

NORMAL STRESS Nx (max)
- NEd = 6573,64 kN
𝐴𝐴 � 𝑓𝑓𝑦𝑦

- Nt,Rd = γ = 24041,952 kN
𝑀𝑀0
NEd ≤ Nt,Rd
BENDING MOMENT My (max)

√

- MEd = 764 kNm
- Mt,Rd =

𝑊𝑊𝑝𝑝𝑝𝑝𝑝𝑝 � 𝑓𝑓𝑦𝑦

γ𝑀𝑀0

SHEAR Tz (max)

= 18061 kNm
MEd ≤ Mt,Rd

√

- TEd = 199 kN
𝐴𝐴 �

𝑓𝑓𝑦𝑦
√3

- Tt,Rd = γ = 13880 kN
𝑀𝑀0

TEd ≤ Tt,Rd

√

CONSTRAINED REACTIONS

RA = 3450,46 kN

RB = 3450,46 kN

HA = -5669,64 kN

HB = 5669,64 kN

The results obtained for the constrains reactions of the foundation structures, highlight how the
lateral thrust of the arch due to the geometry chosen in this particular case, is even more intense than
that expected from vertical loads, and therefore highlights how foundation structures must be
designed to withstand this pressure.

HINGE – ELASTIC ROLLER

NORMAL STRESS Nx (max)

𝑵𝑵𝒙𝒙 𝐦𝐦𝐦𝐦𝐦𝐦 = 6552,57 𝐤𝐤𝐤𝐤

BENDING MOMENT My (max)

STRESS CHARACTERISTICS
SHEAR Tz (max)

𝑴𝑴𝒚𝒚 𝐦𝐦𝐦𝐦𝐦𝐦 = 918,82 𝐤𝐤𝐤𝐤

𝑻𝑻𝒚𝒚 𝐦𝐦𝐦𝐦𝐦𝐦 = ±194,10 𝐤𝐤𝐤𝐤

VERIFICATION (according to Eurocode)
- Area = 71100 mm2
- Moment of Inertia Jy = 320,5332 · 108 mm4
- Moment of Inertia Jz = 320,5332 · 108 mm4
- Young’s modulus E = 20600 MPa
- Yield strength fy = 355 N/mm2
- Strenght modulus Wply = 534,222 · 105 mm3
- Strenght modulus Wplz = 534,222 · 105 mm3
- Partial Safety Coefficient γM0 = 1,05

NORMAL STRESS
- NEd = 6552,57 kN
𝐴𝐴 � 𝑓𝑓𝑦𝑦

- Nt,Rd = γ = 24041,952 kN
𝑀𝑀0
NEd ≤ Nt,Rd
BENDING MOMENT

√

- MEd = 918,82 kNm
- Mt,Rd =

𝑊𝑊𝑝𝑝𝑝𝑝𝑝𝑝 � 𝑓𝑓𝑦𝑦

γ𝑀𝑀0

= 18061 kNm

SHEAR

MEd ≤ Mt,Rd

√

- TEd = 194,10 kN
𝐴𝐴 �

𝑓𝑓𝑦𝑦
√3

- Tt,Rd = γ = 13880 kN
𝑀𝑀0

TEd ≤ Tt,Rd

√

CONSTRAINED REACTIONS

RA = 3450,46 kN

RB = 3450,46 kN

As you would like to demonstrate, the "bow string arch" model exempts the foundation structures from
the stress produced by the lateral thrust of the arch, which is precisely absorbed by the scaffolding
beam that is tense as a result of the aforementioned thrust. The foundations, for this case, will be more
lean and will be less severe on the ground than other models.

Verification (according to SLU)
HINGE - HINGE

𝒇𝒇 ≤

𝑳𝑳
𝟓𝟓𝟓𝟓𝟓𝟓

→ 𝟒𝟒, 𝟕𝟕 𝒄𝒄𝒄𝒄 ≤

𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄
𝟓𝟓𝟓𝟓𝟓𝟓

→ 𝟒𝟒, 𝟕𝟕 𝒄𝒄𝒄𝒄 ≤ 𝟐𝟐𝟐𝟐 𝒄𝒄𝒄𝒄

√

HINGE – ELASTIC ROLLER

Verticale: 𝒇𝒇𝒇 ≤

𝑳𝑳
𝟓𝟓𝟓𝟓𝟓𝟓

Orizzontale: 𝒇𝒇𝒇𝒇 ≤

→ 𝟕𝟕, 𝟐𝟐 𝒄𝒄𝒄𝒄 ≤

𝑯𝑯
𝟓𝟓𝟓𝟓𝟓𝟓

→ 𝟐𝟐 𝒄𝒄𝒄𝒄 ≤

𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄
𝟓𝟓𝟓𝟓𝟓𝟓
𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 𝒄𝒄𝒄𝒄
𝟓𝟓𝟓𝟓𝟓𝟓

→ 𝟕𝟕, 𝟐𝟐 𝒄𝒄𝒄𝒄 ≤ 𝟐𝟐𝟐𝟐 𝒄𝒄𝒄𝒄

→ 𝟐𝟐𝟐𝟐𝟐𝟐 ≤ 𝟑𝟑 𝒄𝒄𝒄𝒄

√

√

GRAPHIC RESULTS

