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ABSTRACT
Arch shape is one of the oldest used in architecture and structural engineering, but thanks to its efficiency
it is still frequently used, specially, for long span bridges. The shape of an arch is reached at the
conceptual design stage, usually resulting in one of three idealized configurations: circular, parabolic or
catenary. These forms become bending-less arches under certain fixed load conditions. Although the real
structural elements are subjected to a huge number of possible load combinations, there is an only one
“bending-less” configuration that is possible, while the safety evaluation must be conducted for each
possible load configurations, that means considering static coupling effects of bending and shear
actioning on each arch sections.
In this paper is evaluated an optimal configuration of a circular arch, subjected to different vertical load
combinations, evaluating the height to span ratio, the cross section (hypothesized constant along the arch)
and the inertia modulus, as the main representative parameters to be considered. The analysis is
performed with the aim to evaluate the optimal configuration able to minimize the self-weight of the arch,
not only to limit the materials but also to find solutions for the constructive stages.
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The analysis is performed using a numerical solution of circular arches equations neglecting shear and
axial deformations and considering a homogeneous material. The objective function considered is the
total arch weight, while the load is applied in symmetrical and antisymmetrical configurations.
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1. Contemporaneity and architectural design
1.1 Analytical process for evaluation of the highlights of the architectural composition
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1.1 Analytical process for evaluation of the highlights of the architectural composition

Analytical Process

Shape
- Shape of the structure(own and of the
spaces it indicates)
Shape for the destination function
Shape as an architecural language

Structure
Structural safety
Structural efficiency
Structural optimization

Site
(identity)
-Landscape, nature, environment
- Political and economic characteristics
- Social needs
- Materials
- Collective memory, historicity

Architectures Characterized by Large Span

A better resistance to bending and shear
stresses is given by the weight reduction,
by the lightness of the structure.

Structural Optimization
(the small amount of material used must be
compensated with the exact placement in the
space)
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1.2 Introduction to“raziocinio integràl” of Escola Paulista
The Architecture of the «Escola
Paulista»
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Form
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Reconstructions of Examples of the Architecture from Escola Paulista*
Garagem de Barcos Santa Paula Iate Clube
Vilanova Artigas 1961

• Shape Clarity

• Structural Rigor
• Rejection of Superfluous
• Decrease of Structural Elements

• Moral Consinstency
• Uso di materiali privi di rifiniture
• Riduzione elementi
architettonici
• Use of large span structure
• Spatial continuity
(spaces for collectivity)

Brazil’s Pavilion, Universal Exposition in Osaka
P. Mendes da Rocha , J. Katinsky, R. Othake, J. Caron, M. Nitsche, 1970

‘Raziocinio Integral’

Fig. 2. The
“Raziocionio
Integral” in the
Paulista School

The project, result of
the perfect fusion of its
‘pedaços’, is compared to
the integral calculation:
many small parts define
one single and continuous
element.
*L. Sardone , Forma, Estrutura, Lugar, The research for architectural form in the
panorama of the “Escola Paulista”, 2018
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1.3 Computational Design. the way to connect shape and structure in the architecture
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architectural form
analysis
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Fig. 3b. The relationship between
structure and other
elements of analysis
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1.4 Design method in architecture and Form Finding: a brief review

Fig. 5a. Rotation, displacement (Eisenman); P. Eisenman, Diagram Diaries (Thames
and Hudson, Londra, 1999).

Fig. 4. Biocentrum di Francoforte, 1987

Fig. 4a. Nunotani Corporation, Tokyo
1992

Fig. 5. Manimal’ by Daniel Lee, 1993

Ottimizzazione della massa attraverso
MORFOGENESI

Greg Lynn, Ravioli chair produced
through the morphogenesis of a flat
surface
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1.5 Research and Analysis Tools

+

Grasshopper

+
Galapagos

2. Relationship between Shape and Structure: application examples in the Paulista architectural tradition.
2.1 Technical and architectural innovation: The Brazilian pavilion at the Osaka Expo, 1970

P. Mendes da Rocha with J. Katinsky, R. Othake, J. Caron, M. Nitsche

Padiglione del Brasile, Esposizione Universale di Osaka, 1970

Fig 7 a.1. Exploded axonometry view

Fig. 7a. Oriented Elevations and Plan
Fig. 6. Original photo of the building(1970)

2 . Relationship
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the Paulista architectural tradition

2.1 Technical and architectural innovation: The Brazilian pavilion at the Osaka Expo

Fig. 8. Identification and parameterization (next page) of the geometry of the main
beam (Grasshopper environment)

The main beam - with a variable section - is the object from which the preliminary study regarding the
parameterization of the forms was started, where the span of the beam constitutes an important and bold
project and constructive enterprise.
Through the algorithmic code it was possible to reproduce the geometry and break it down in order to be
able to start a primary and simplified analysis on an object on which we could have an analytical feedback
given the experimental type methodology (Fig. 8).
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2.1 Technical and architectural innovation: The Brazilian pavilion at the Osaka Expo

Identification and parameterization (next
page) of the geometry of the main
geometry(Grasshopper environment)
The dimensions of the beam cross-section, without any emptying, are:
base b=0.9 m; height h=2.6 m.
In this first analysis the material was hypothesized homogeneous and isotropic, with linear
elastic behavior
The beam was subjected to a uniformly distributed variable load equal to 125 kN/m.
The following mechanical properties, characterizing concrete, were considered: specific
weight gc=25 kN/m3;
modulus of elasticity Ec=3600 kN/cm3.
A value of the span equal to 25 m was firstly assumed.
After fixing the above configuration, linear-elastic analyses were carried out by
Grasshopper software.
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1. Geometry

Fig. 9. Individuazione e parametrizzazione (pag. accanto) di una
porzione della geometria della trave della geometria principale

The dimensions of the beam cross-section, without any emptying, are:
base b=0.9 m; height h=2.6 m.
In this first analysis the material was hypothesized homogeneous and isotropic, with linear
elastic behavior
The beam was subjected to a uniformly distributed variable load equal to 125 kN/m.
The following mechanical properties, characterizing concrete, were considered: specific
weight gc=25 kN/m3;
modulus of elasticity Ec=3600 kN/cm3.
A value of the span equal to 25 m was firstly assumed.
After fixing the above configuration, linear-elastic analyses were carried out by
Grasshopper software.

2 . Relationship

between Shape and Structure: application examples in
the Paulista architectural tradition

2.1 Technical and architectural innovation: The Brazilian pavilion at the Osaka Expo

1. Geometry

Fig. 9. Individuazione e parametrizzazione (pag. accanto) di una
porzione della geometria della trave della geometria principale

The dimensions of the beam cross-section, without any emptying, are:
base b=0.9 m; height h=2.6 m.
In this first analysis the material was hypothesized homogeneous and isotropic, with linear
elastic behavior
The beam was subjected to a uniformly distributed variable load equal to 125 kN/m.
The following mechanical properties, characterizing concrete, were considered: specific
weight gc=25 kN/m3;
modulus of elasticity Ec=3600 kN/cm3.
A value of the span equal to 25 m was firstly assumed.
After fixing the above configuration, linear-elastic analyses were carried out by
Grasshopper software.
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2. Constrains

1. Geometry

3. Load Combinations

Fig. 9. Individuazione e parametrizzazione (pag. accanto) di una
porzione della geometria della trave della geometria principale

The dimensions of the beam cross-section, without any emptying, are:
base b=0.9 m; height h=2.6 m.
In this first analysis the material was hypothesized homogeneous and isotropic, with linear
elastic behavior
The beam was subjected to a uniformly distributed variable load equal to 125 kN/m.
The following mechanical properties, characterizing concrete, were considered: specific
weight gc=25 kN/m3;
modulus of elasticity Ec=3600 kN/cm3.
A value of the span equal to 25 m was firstly assumed.
After fixing the above configuration, linear-elastic analyses were carried out by
Grasshopper software.
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2. Constrains

1. Geometry

3. Load Combinations

Fig. 9. Individuazione e parametrizzazione (pag. accanto) di una
porzione della geometria della trave della geometria principale

4. Material

The dimensions of the beam cross-section, without any emptying, are:
base b=0.9 m; height h=2.6 m.
In this first analysis the material was hypothesized homogeneous and isotropic, with linear
elastic behavior
The beam was subjected to a uniformly distributed variable load equal to 125 kN/m.
The following mechanical properties, characterizing concrete, were considered: specific
weight gc=25 kN/m3;
modulus of elasticity Ec=3600 kN/cm3.
A value of the span equal to 25 m was firstly assumed.
After fixing the above configuration, linear-elastic analyses were carried out by
Grasshopper software.
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2.2 The Optimization Problem

The dimensions of the beam cross-section, without any emptying, are:
base b=0.9 m; height h=2.6 m.
In this first analysis the material was hypothesized homogeneous and isotropic, with linear
elastic behavior
The beam was subjected to a uniformly distributed variable load equal to 125 kN/m.
The following mechanical properties, characterizing concrete, were considered: specific weight
gc=25 kN/m3;
modulus of elasticity Ec=3600 kN/cm3. A value of the span equal to 25 m was firstly assumed.
After fixing the above configuration, linear-elastic analyses were carried out by Grasshopper
software.
In order to obtain the optimal shape, a specific optimization procedure was implemented.
The search for the minimum middle rise of the beam was posed as a single-objective
optimization problem, while suitable architectural/geometric constraints were considered for
gaining the optimal shape.
More precisely the optimization problem can be formulated as follows:

Find the best shape of the beam that minimizes the middle rise, satisfying the
following constraint:
(1)
𝑦𝑦 ′ 𝑥𝑥 ≥ 0∀𝑥𝑥

Fig. 11. Diagram of the reference beam

The height y’(x) at midspan represents the potential emptying of the beam (Fig. 11). So, according to
Eq. (1), it is assumed that the beam height can only remain constant or reduce, but not increase.
The solver applied is an evolutionary genetic solver able to find the maximum or the minimum given
one or more objective functions.

G:=0

2.2 a. The Optimization Problem – Galapagos (evolutionary genetic solver)

Random initial
population
generation
Satisfied
termination
criterion?

Desidered Result

No
Population Fitness
Evaluation

The solver applied is an evolutionary genetic solver able to
find the maximum or minimum given one or more
objective functions. Speaking in simplified words, the
genetic algorithm evaluates each individual solution
within the work space that is imposed upon it,
selecting from time to time the families that are best
suited to the solution of the problem; each family
then undergoes a genetic mutation given by the
coupling of the best genes of the individual families
of solutions, thus arriving at the resolution of the
problem (Fig. 12. a).

i:=0

G: = G+1

𝑝𝑝𝑟𝑟

Selection of one individual based on fitness

Reproduction

Inclusion in the new population

Yes

i:=N ?

Genetic Operation
Selection
𝑝𝑝𝑐𝑐

𝑝𝑝𝑚𝑚

Selection of two individuals based on fitness

Selection of one individual based on fitness

i:= i+1

Mutation

Crossover

Inclusion in the new population

Inclusion in the new population

Fig. 12 c. Flowchart of a typical genetic
algorithm. The quantities pr, pc, pm indicate
respectively the probabilities of reproduction,
crossover and mutation

End

i := i+1
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2.3 Resolution of the Optimization Problem

The optimization problem can be formulated as follows:

Find the best shape of the beam that minimizes the middle rise, satisfying the
following constraint:

𝑦𝑦 ′ 𝑥𝑥 ≥ 0∀𝑥𝑥

Test No. 1

(1)

Fig. 11. Diagram of the reference beam

Fig. 13. Prova n.1: Applicazione dei vincoli geometrici e del solutore Galapagos su una trave a sezione variabile
con luce pari a 25 m.
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2.3 Resolution of the Optimization Problem

The optimization problem can be formulated as follows:

Find the best shape of the beam that minimizes the middle rise, satisfying the
following constraint:

𝑦𝑦 ′ 𝑥𝑥 ≥ 0∀𝑥𝑥

Test No. 1

(1)

Fig. 11. Diagram of the reference beam

4. Minimized Displacement

Fig. 13. Prova n.1: Applicazione dei vincoli geometrici e del solutore Galapagos su una trave a sezione variabile
con luce pari a 25 m.
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2.3 Resolution of the Optimization Problem

The optimization problem can be formulated as follows:

Find the best shape of the beam that minimizes the middle rise, satisfying the
following constraint:

𝑦𝑦 ′ 𝑥𝑥 ≥ 0∀𝑥𝑥

Test No. 2

(1)

Fig. 11. Diagram of the reference beam

Fig. 14. Prova n.2: Applicazione dei vincoli geometrici e del solutore Galapagos su una trave a sezione variabile con luce pari a
50 m.
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2.3 Resolution of the Optimization Problem

The optimization problem can be formulated as follows:

Find the best shape of the beam that minimizes the middle rise, satisfying the
following constraint:

𝑦𝑦 ′ 𝑥𝑥 ≥ 0∀𝑥𝑥

Test No. 2

(1)

Fig. 11. Diagram of the reference beam

4. Minimized Displacement
δ=0.371

Fig. 14. Prova n.2: Applicazione dei vincoli geometrici e del solutore Galapagos su una trave a sezione variabile con luce pari a
50 m.

Forma, Estruttura, Lugar
A busca pela forma arquitetônica entre estrutura e linguagem estética no panorama arquitetônico da Escola de São Paulo

3. Rise/ Span Table

L = 20 m

𝑦𝑦 ′ 𝑥𝑥 > 0 ≡ dead load > 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

L = 25 m

L = 30 m

L = 35 m

Fig. 15a. Prova n.3a: Applicazione e risultati del solutore Galapagos su una trave a sezione variabile con luce pari a 20 m.

L = 40 m

L = 45 m

Fig. 15b. Prova n.3g: Applicazione e risultati del solutore Galapagos su una trave a sezione variabile con luce pari a 46 m.

L=20 m
optimized
rise δ [m]
rise/span
ratio δ/L

L=25 m

L=30 m

L = 46 m

Fig. 15. Risultati applicativi del solutore Galapagos sulle differenti prove con variazione della luce.

L=35 m

L=40 m

L=45 m
δ= 0.276

L=46 m

L=50 m
δ=0.371

0.027

0.047

0.074

0.107

0.147

0.192

0.201

0.242

0.135%

0.188%

0.247%

0.306%

0.367%

0.427%

0.437%

0.484%

Table 1 Minimized middle rise for each model obtained by the optimization procedure
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6. Final remarks

In this study a practical tool was proposed for the optimal design of large
span beams, combining both architectural and structural aspects. The
optimization procedure was implemented by Grasshopper software, an
algorithm-aided design tool. It consisted in searching for the optimal
shape of a variable section beam by minimizing the middle rise and by
imposing specific architectural/geometrical constraints. It was shown how,
when the self weight becomes preponderant with respect to the variable
load and significantly affects deformations, the beam emptying represents
the optimal solution. A practical solution can so be provided when it is
necessary to reduce beam self-weight, in the case of large spans to be
covered.

